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The standard theory of relativistic dissipative fluid mechanics developed by Eckart contains
several undesirable features: thermal and viscous fluctuations propagate acausally; there exist
generic short wavelength secular instabilities; and there is not a well-posed initial value
problem for rotating fluids. In this paper we examine whether the generalization of Eckart’s
theory developed by Israel has succeeded in eliminating these features. We first generalize
Israel’s theory to include the possibility of nonuniform equilibrium configurations. This
generalization allows us to describe equilibrium configurations which may be rotating and
self-gravitating such as neutron stars. We then evaluate the stability conditions for these fluids
and compute the characteristic velocities at which perturbations propagate. Qur main result is
that if these fluids are stable, then the characteristic velocities are subluminal and the pertur-
bations propagate via hyperbolic equations. Thus Israel’s theory is causal for all stable fluids.
In addition, there is no generic instability, and the initial value problem is well posed. In our
opinion, for these reasons, Israel’s theory should replace Eckart’s as the standard theory of
relativistic dissipative fluid mechanics.

I. INTRODUCTION

In this paper we investigate the phenomenological theory of dissipative relativistic
fluid mechanics developed by Werner Israel [1]. Israel’s theory was designed to
overcome a number of unattractive features in the standard theory developed by Carl
Eckart [2] in 1940. These difficulties are: (a) thermal conductivity and viscosity give
rise to fluctuations which propagate acausally; (b) there exist generic short
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wavelength secular instabilities driven by the dissipation processes [3]; (c) there is
not a well-posed initial value problem for rotating fluids in the standard theory. In
this paper we investigate whether Israel’s theory has succeeded in overcoming these
difficulties.

The causal properties of Israel’s theory have previously been studied by Stewart
[4], and Israel and Stewart [5]. They computed the characteristic velocities of the
perturbations about equilibrium and then used the relativistic kinetic theory to
evaluate these velocities in the limit of a dilute gas. Their analysis confirms that
Israel’s theory is causal in this limit. In this paper, we confirm that Israel’s theory
behaves causally in a far wider range of circumstances.

We begin our analysis by constructing a generalization of Israel’s theory in Section
11, which is appropriate for the study of nonuniform equilibrium states such as stars.
The generalized theory contains two additional new thermodynamic coefficients not
included in Israel’s theory. Our theory reduces to Israel’s, however, for spatially
homogeneous states.

Next, we investigate the conditions under which the equilibrium configurations of
the generalization of Israel’s theory are stable. The equilibrium configurations
considered here include the possibilities of nonuniformities caused by rotation or
gravitational fields. We study the stability of these equilibrium states by examining
the behavior of small perturbations about equilibrium. We limit our investigation,
however, to perturbations which decouple from the gravitational perturbations; we set
the perturbations in the metric tensor (gravitational field) to zero. This is appropriate
for fluids having negligible self-gravity, and for short wavelength perturbations even
in self-gravitating fluids. We present in Section III a set of conditions on the ther-
modynamic potentials and their derivatives which guarantee the stability of the fluid
to these perturbations. Our stability analysis is based on the construction of a
monotonically decreasing energy functional for these perturbations.

As a byproduct of our stability analysis, we present a comprehensive discussion of
relativistic thermodynamics. We present the complete set of Maxwell relations for the
set of thermodynamic variables of interest in this problem. We also determine the
complete set of thermodynamic derivatives which have definite sign as a consequence
of our stability conditions. These definite signed derivatives include the specific heats,
compressibilities, etc.

We evaluate the causal properties of Israel’s theory in Section IV. We compute the
characteristic velocities, and find that there are three classes of waves. There are two
different longitudinal modes; one corresponds to normal sound and the other to
second sound. There is, in addition, a transverse shear mode having two
polarizations.

The major result of our analysis is to show the equivalence between the conditions
for the causality of these characteristic velocities and the stability conditions for these
fluids. We show that the stability conditions derived in Section III imply that the
characteristic velocities are real and less than the speed of light. The stability
conditions imply, in addition, that the equations for the perturbations form a hyper-
bolic system with a well-posed initial value problem. We then show that a result
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which is somewhat weaker than the converse is also true: if the characteristic
velocities are subluminal, and if the perturbation equations are a hyperbolic system
(in a particular sense which we will define later), then the stability conditions are
necessarily satisfied. From these results we conclude that the theory of dissipative
relativistic fluid mechanics developed by Israel has succeeded in eliminating the
problems inherent in Eckart’s theory. Thermal fluctuations propagate causally in any
stable fluid in this theory. The generic short wavelength secular instability inherent in
Eckart’s theory does not exist in Israel’s theory. The perturbations have a well-posed
initial value problem, even for rotating fluids. Thus, Israel’s phenomenological theory
of dissipative fluid mechanics has many extremely attractive features. In particular, it
is completely compatible with special and general relativity. Therefore, in our
opinion, Israel’s theory should replace the Eckart theory as the standard theory of
relativistic dissipative fluid mechanics.

II. MULLER—ISRAEL FLUID MECHANICS

In this section we review (and to some extent generalize) the theory of dissipative
relativistic fluid mechanics developed by Israel [1]. The method used by Israel to
generalize the standard (Eckart) relativistic theory [2] was developed earlier by
Miiller [6] in the context of nonrelativistic fluids. Their method generalizes the
standard model of the entropy current for out of equilibrium systems, and then
enforces the second law of thermodynamics in the simplest possible way. In Section
II(a) we review their method in detail, and use it to construct a theory which includes
the possibility of nonuniform equilibrium configurations (such as stars). Surprisingly
perhaps, the nonuniform theory developed here must involve two additional ther-
modynamic coefficients not included in Israel’s [1] theory.

Given the general theory constructed by the Miiller—Israel technique, we proceed to
systematically investigate its properties. We begin by determining the equilibrium
states of such a system in Section II(b). The equilibrium states found here are iden-
tical to those for the standard relativistic theory [2]. Next, we investigate the
equations of motion for small perturbations about any equilibrium configuration in
Section 1I(c). We work here in the Eulerian framework and restrict our attention to
the linearized equations of motion. We also make the simplifying assumption of
ignoring perturbations in the gravitational field (the spacetime metric tensor). This
assumption is appropriate whenever gravitational effects are unimportant, and also
for short-length scale perturbations of self-gravitating equilibrium configurations.

(a) The General Equations of Motion

We begin by introducing the mathematical variables which are used to describe the
state of a relativistic dissipative fluid. The stress energy tensor 7% for such a system
can be written quite generally as:

T° = pu®u® + (p + 7) q°° + uq® + ubq® + . )
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In this expression u? is the four-velocity of the particles in a fluid which has energy
density p and pressure p (this is the so-called Eckart frame). The tensor ¢° is a
projection tensor, related to #° and the spacetime metric tensor g% by:

qab — gab + uaub. (2)

There are, in addition, three fields which describe the out-of-equilibrium properties of
the fluid: ¢“, 7, and 7%, The vector field g° is the heat flow, while 7 and 7?® are
stresses caused by viscosity in the fluid. These fields satisfy the constraints:

8, _ 4,4 __La_ __,a
O_uqa_uTab_ra_rab_rba—uqab' (3)

The local conservation of energy and momentum in such a fluid is expressed by the
equation

v, T =0, 4

where V, is the covariant derivative compatible with the metric g,,.

There are, in addition, a number of thermodynamic variables which play an
important role in the theory. The number density of particles in the fluid # is taken,
along with p, to be a fundamental thermodynamic variable which can (in principle)
be measured by an observer comoving with the fluid. For the simple one-component
fluids considered here, the number density satisfies the conservation law

V, (nu?) =0. &)

The entropy per particle s is not directly observable; however, it can be inferred for a
particular type of fluid by using the first law of thermodynamics and making
measurements of the fluid in various equilibrium configurations. The catalogue of
values of s for various values of the observables p and n is called the equation of
state:

s = s(p, n). (6)

The first law of thermodynamics relates the derivatives of this function to other
observable thermodynamic variables. Thus, the pressure p and temperature T are

given by
1 s
7= (5),: )
s
.} 8
p=—p—n o), (®)

To complete the theory of dissipative fluid mechanics, we must also specify how
the variables 7, 7?%, and ¢ are determined. The Miiller—Israel theory and the standard
Eckart theory base their choices for these variables on the need to implement the
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second law of thermodynamics within the theory. To see how this is done, we
consider the vector field s? which represents the current of entropy within the fluid.
From this current, one can define a total entropy S by integrating over a spacelike
surface X

S(Z) = j sid’x,. (9)

The second law of thermodynamics requires this total entropy to be a nondecreasing
function of time (for isolated systems). Thus, if .S is evaluated on any later spacelike
surface X', the value of the entropy must not decrease:

S - S(Z) = j V,s%*x > 0. (10)

For isolated systems the two surface integrals for S can be converted to a volume
integral by Gauss’ theorem as indicated in Eq. (10). For this inequality to hold for
every surface X’ to the future of X the following inequality must also hold:

V,s%>0. (11)

The second law of thermodynamics is therefore equivalent in these theories to

Eq. (11).
The next step in constructing a theory of dissipative fluid mechanics is to model
the entropy current s°. The standard theory of Eckart [2] uses the following

expression for the entropy current
s =snu’ + q°/T. (12)

The first term, snu?, represents the entropy carried along by the motion of the fluid.
The second term, q?/T, represents the entropy flux which occurs whenever there is
heat flow. The divergence of this current can be evaluated by using the equations of
motion for the fluid, Egs. (4) and (5), with the result:

TV 59 = — {1V,u" + ¢° [T~ 'V, T+ u*V,u, ] + 1°(V ,u,)}. (13)
The brackets { ) which appear in Eq. (13) have the meaning:

<Aab> = %ngg[Acd + Adc - %chqefAef]’ (14)

for any second rank tensor A4,,. The simplest way to ensure that Eq. (13) is
consistent with the second law of thermodynamics, Eq. (11), is to require that 7, 7%,
and ¢“ be given by:

T=—{V u", (15)
q° = —kq“[V,T + TuV, u,), (16)
79 = 2p(Vu®). (17
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The three thermodynamic functions ¢, 77, k must be positive; they may be identified as
the bulk viscosity, the shear viscosity, and the thermal conductivity, respectively.
These equations constitute the standard theory of dissipative fluid mechanics. With
these expressions the divergence of the entropy current assumes a manifestly positive
form:

2 a ab
a T qqa+r Tab>0 (18)

\v) _— .
S =t Yty 7

Motivated by the noncausal propagation of fluctuations in the standard theory,
Miiller |6] and Israel [1] sought to generalize the theory in an attempt to overcome
that difficulty. They proposed using a more complicated model for the entropy
current than that given in Eq. (12). They point out, for example, that the expression
for the entropy density, sn, used in Eq. (12), is really only expected to hold in an
equilibrium state. The equation of state (which is used to find s for given values of p
and n) is only supposed to accurately describe the state of the fluid when it is in
equilibrium. Thus, argue Miiller and Israel, one might expect the physical density of
entropy to differ from sn by terms which go to zero for a fluid in an equilibrium
state: i.e., 7, g9, and t%®. They propose to generalize the expression for the entropy
current, therefore, by adding a complete set of second order (in deviations away from
equilibrium) terms. Their model for the entropy current has the form:

s"=snu’ +q*/T — %(ﬂofz +ﬂ1qb‘1b +ﬂ2TbchC) u'/T
+a,1q°/T +a,759°/T. (19)

The new thermodynamic coefficients f,,8, and f, model the deviations of the
physical entropy density from sn; and ¢, and @, model changes.in the entropy current
due to possible viscous-heat flux coupling. The divergence of this current is now
computed with the aid of the equations of motion. The resulting expression is

1
TV, s°=—71 [Vau" + BV, 1 —ayV,q° —y,Tq°V, (%‘3) +71TVG (ﬂ—;u") J
1
—q° [7VGT+ uVou, + B,u’V,q, —a,V,1—a, vV,

— (1 —y,) 1TV, (a—T"> —(1=y) TV, (a—Tl> + % 144V (ﬂ_Tl“b> J

~% <Vaub + ﬂz ucvc‘rab - a, Vaqb

a 1
- Tq,V, (7‘> t5 T Ve (ﬂ—Tzu> > (20)
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The simplest way to ensure that the second law of thermodynamics is satisfied for
this theory is to constrain 7, g%, and 7% by the following equations:

\ 1
= —C [Vaua +ﬁ0uavar - aovaqa — %o Tqava (E%) TTTVa (ET(l ua) ] s (21)

1
q° =—«Tq" [’fvbT+ucvcub+ﬁ1ucvc‘h"a0vbf‘alvc72
— (1 = y,) TV (92)_(1-y)nfv (ﬁl-)+—l-TqV (ﬁu)] (22)
0 b T 1 b ¢ T 2 b e T ’

1
.L.ab — _2” <Vaub + ﬁzucvcrab _ alvaqb _ yl Tqavb (El_) 4+ — T.L.ubvc (& uc) > .
T 2 T
(23)

With these conditions, the Miiller—Israel entropy current satisfies Eq. (18). Thus the
second law of thermodynamics is contained within this theory. The expressions for 7,
q°, and % given here in Egs. (21)-(23) differ slightly from those given by Israel [1].
Our expressions contain several terms involving the gradients of the a’s and f’s which
were neglected by Israel. Some of the terms, q°V,(a,;/T), are spatial gradients and
cannot a priori be ignored for nonuniform situations such as stars. The other terms,
V,(B,u°/T), are time derivatives and will be neglected when we consider the equations
for small perturbations from equilibrium in Section II(c). Also note that Egs.
(21)~(23) contain two new thermodynamic coefficients y, and y,. These new coef-
ficients were introduced because of the ambiguity involved in factoring the terms on
the right hand side of Eq. (20) which involve the products 7g° and 1,,4"- Since the
magnitudes of the y’s are not known a priori, they could in principle be large. Thus,
the terms involving the spatial gradients, q**V,(a;/T), could be important even when
the gradients themselves are quite small.

Equations (21)—(23) together with the conservation laws, Egs. (4) and (5), form a
complete system of equations for the dynamical variables (n, p, u“, ¢°, 7, and 79%) of
this theory. When appropriate, the gravitational interaction can be included for these
fluids by including Einstein’s equation

Gab = 87[Tab’ (24)

for the spacetime metric tensor g,,. Our aim in the remainder of this paper is to
systematically study this theory. We are particularly interested in examining the
stability conditions for these fluids; and we are interested in determining whether or
not the Miiller-Israel procedure has succeeded in producing a causal theory of
dissipative fluids.

(b) Equilibrium Configurations

The first step in the process of understanding the properties of the new dissipative
fluid equations is to determine the possible equilibrium configurations of these fluids.
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In the equilibrium state, the entropy of the fluid must not change with time. Thus, the
divergence of the entropy current must vanish for a fluid in equilibrium. This
divergence is a sum of positive terms (see Eq. (18)), each of which must vanish in the
equilibrium state. Thus, in equilibrium the viscous stresses and heat flow must vanish:

O=t=1"%=¢q" (25)

These conditions may be used with Eqs. (21)}-(23) to infer the additional properties
of equilibrium fluids:

0=V, ue, (26)
0=(V,u), (27)
0 =gV, T+ TuV,u,). (28)

The conservation laws, Egs. (4) and (5), yield the following additional information
when these equilibrium conditions are imposed:

0=uV,n, (29)
0=u"v,_p, (30)
0=g"[Vyp+ (p+p)uV,.u,) (31)

Equations (29) and (30) imply that all of the thermodynamic variables (s, 7, p) must
be constant along the integral curves of u?, since each of these variables depends only
upon p and n through the equation of state. This fact and Eqs. (26 )-(28) result in the
requirement that the vector field u?/T satisfies Killing’s equation:

Vo(uy/T) + V,(u,/T) = 0. (32)

The final equation, (Eq. (31)) is equivalent to the condition that a certain ther-
modynamic potential,

p+p
s, (33)

has vanishing gradient. In general, the gradient of @ has the form (use Egs. (7) and
(8)): -

nTV,0=V,p— p;p VT (34)

This gradient vanishes whenever Egs. (28)-(31) are satisfied.

To summarize, the requirement that the fluid be in an equilibrium state is
equivalent to the requirements: (a) that #°/T be a Killing vector field, (b) that the
heat flow and viscous stresses vanish, and (c) that @ have vanishing gradient. These
conditions are the same as those found by Israel [1], and are the same as the
conditions for the equilibrium states in the standard theory.
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(c) Perturbations about the Equilibrium State

For the remainder of this paper we will limit our attention to the study of fluid
states which are nearly in equilibrium. It could be argued that this is the only possible
domain of validity of the Miiller—Israel theory. The entropy current model for this
theory could be viewed as a power series expansion in 7, g%, and 7%® which has been
truncated at second order. Thus the theory would only be applicable when the
neglected higher order terms are small, i.e., whenever t, ¢°, and 7% are small, so that
the fluid is near equilibrium. In any case, the study of small perturbations about
equilibrium will allow us to investiate the stability of these fluids; and we will be able
to study whether or not these perturbations propagate causally.

We will analyze the perturbations about equilibrium in terms of the Eulerian
framework to avoid the gauge ambiguities inherent in the Lagrangian approach
[3, 7]. We denote by Q the difference between the actual nonequilibrium value of a
field Q at a given point of spacetime, and the value which Q has in a fiducial
equilibrium state at the same spacetime point. Thus the quantities on, op, ou®, or,
5t, 5¢°, dg,,, are the fields which describe the perturbations about some equilibrium
state. The fields which do not include the prefix & (n, p, u°, g, €tc.) will henceforth
refer to the fiducial equilibrium configuration, and they are assumed to satisfy the
properties outlined in Section II(b). The equilibrium configurations considered here
are not limited in any way, however, other than the constraints stated in
Section II(b); in particular, these configurations could include strong gravitational
fields and rapid rotation. We assume that the perturbation quantities Q are small
departures from equilibrium, so that we can adequately describe their evolution by
using the linearized equations of motion. For simplicity, we also limit attention here
to perturbations which leave the gravitational field fixed: dg,, =0. This approx-
imation is relevant in any situation where gravity plays no significant role (special
relativity) and also for short wavelength perturbations of any equilibrium state {31

The equations of motion for the perturbation variables (dn, dp, du?, dt, dq°, ot
are obtained from the general equations of motion (Egs. (4), (5), (21)-(23)) by
linearizing these equations about the fiducial equilibrium state. These equations
become:

0=V,0T?, (35)
0=u"V,_ on +V (ndu?), (36)
or=—¢ [Va Su® + BouV, 0t — a,V,0q9° — 7, T6q°V,, (a_;) J , 37

oT
8q° = —xTq* [V,, (T) + uV, Suy + 6uV uy, + BuV.oq, — a,V,ot

Ay

—a, V515 — (1 —y,) T6tV, (7) —(1—y,) TSV, (%) ] , (38)

ot = 2py <V"5u” + 0uuV u® + ,u’v 6t — a,Vq® — y, T6q°V® (a—jf) > 39




DISSIPATIVE RELATIVISTIC FLUIDS 475

The perturbed stress-energy tensor which appears in these equations is related to the
standard variables by

ST = (p + p)(Suu® + u®du®) + dpu°u® + (dp + 97) ¢
+ u%dq® + u®éq® + ov*. (40)

The derivative V,, which appears in these equations is the covariant derivative of the
background equilibrium spacetime. Spacetime indices are raised and lowered with the
background metric tensor; e.g., du, = g,,0u’. The perturbation variables also satisfy
a number of constraints which follow from Eq. (3):

0=u,6q° = 61°° — {61°®) = u, ou’. 41)

Finally, the perturbed thermodynamic variables satisfy the following relationships
because of the first law of thermodynamics:

dp = nTds + P :p on, (42)

Sp=nTs0 + LX2. ;” ST. 43)

This concludes our general discussion of the Miiller—Israel fluid mechanics. We
have introduced the system of equations needed to study these fluids in a wide range
of physical situations which may include strong gravitational fields and rapid
rotation. Our aim in the remainder of this paper will be to determine the conditions
under which the fluid motions represented by these equations are stable and causal.

1II. STABILITY CONDITIONS

In this section we determine the conditions under which the equilibrium
configurations of Miiller—Israel fluids are in fact stable equilibria. The notion of
stability used here is formulated in terms of the properties of the solutions to the first
order perturbation equations. If all solutions to the perturbation equations with
regular initial data are bounded functions of time, then the equilibrium configuration
is considered stable. Small departures from the original equilibrium state remain
small in this case. If on the other hand there exist solutions to the perturbation
equations which become unbounded in time, then the equilibrium is considered
unstable. Small departures from such an equilibrium state can evolve to become very
large departures.

In practice, the perturbation Eqgs. (35)(39) are extremely complicated. It is in
general very difficult to determine the conditions which guarantee that the solutions
to such a system of equations remain bounded. Under some circumstances, however,
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there exists a so-called energy functional associated with the equations of motion,
which makes it relatively easy to determine the stability criteria. An energy functional
is a monotonically decreasing function of time which depends quadratically on the
perturbation variables. If such a functional is non-negative for all possible values of
the perturbation variables, then it would suggest that the equilibrium is stable. In that
case, the energy is a decreasing function of time which is bounded below by zero. If,
on the other hand, perturbations having negative energy exist, then the energy is
unbounded below and could evolve towards negative infinity. The existence of such
negative energy perturbations suggests the equilibrium is not stable. To rigorously
establish the relationship between the sign of the energy functional and stability,
detailed mathematical analysis of the evolution equations for the perturbations is
required.

In the sections that follow, we will present an analysis of the stability of the
equilibrium configurations of a Miiller-Israel fluid which is based on an energy
functional. In Section IlI(a) we present an energy functional for these fluids which is
quadratic and monotonically decreasing with time. We factor this energy in Section
I1(b) to determine the conditions under which this energy is positive. The conditions
for positive energy reduce to a number of inequalities involving the thermodynamic
variables (and their derivatives) of the equilibrium configuration, as well as the
Miiller—Israel coefficients aq, @,,8,8,,and f§,. We use these positive energy
conditions in Section III(c) to infer other associated thermodynamic inequalities such
as the positivity of the specific heats, etc. We postpone until the Appendix the proofs
of the theorems which establish the relationship between the positivity of the energy
and the stability of the fluid. We show there that the positivity of the energy is a
sufficient condition to guarantee the stability of the fluid, and we prove a result which
falls only slightly short of showing that the positivity of the energy is also a necessary
condition for stability.

(a) An Energy Functional

A monotonically decreasing energy functional which is quadratic in the pertur-
bation fields can be introduced for Miiller—Israel fluids in terms of an energy current
E°? defined by the expression:

1
TE® = 8T ou’ — > (p + p) u®u’ou,

tatp) [(Z—Z)S(épr " (-Z—’s’)(Z—’s’)e @57 we

oT 1
+ T 6q° + ) [ﬂo(&')2 + B,69"0q, + B, 0101, | u”

— a,010q° — a,61509". (44)
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The total energy associated with a spacelike surface X (i.e., the energy at one instant
of time) is given by the integral of the current £ over the surface:

E(Z)= L E%d*x,. (45)

From an argument analogous to that given for the entropy of the fluid in
Section II(a), this energy will be a decreasing function of time (for fluids with
compact spatial support) as long as the divergence of the energy current is negative.
The divergence of £ can be computed in a straightforward manner from Eq. (44).
The resulting expression can be simplified by the use of the perturbation
Eqgs. (35)-(39). The final expression has the form:

2 a ab
(J7) N doq°dq, or 5tabJ <0,

V,E*=—
[ T¢ kT? 25T

a

(46)

Therefore, the energy functional E(X) is a monotonically decreasing function of time.
The positivity of this functional is consequently a useful indication of stability.

Before we turn to our investigation of the properties of E, it is perhaps appropriate
to comment briefly on the method by which we located an appropriate energy
current. There was, unfortunately, no elegant derivation which one might hope to
apply to other situations. Our “derivation” was in fact based on a series of
modifications and generalizations of previously existing results for similar physical
situations. To create the expression for the energy current given by Eq. (44) we
modified somewhat the energy functional for the standard Eckart fluid mechanics
which was developed by Lindblom and Hiscock [3]. That energy was in turn
developed by modifying expressions for perfect fluid energies developed by Friedman
and Schutz [7,8]. Those perfect fluid energies were derived by using Noether’s
theorem and the Lagrangian which exists for the adiabatic perfect fluid perturbation
equations.

(b) The Conditions for Positive Energy

The energy functional E defined in Eqs. (44) and (45) is a complicated quadratic
form in the perturbation variables (dn, dp, 6u, ét, 6t%°, 5g?). Our aim in this section
is to determine the conditions under which this functional is positive. To accomplish
this, we rewrite £ in a factored form which makes the conditions for positivity
evident.

Let the vector n® be the future directed unit normal to the spacelike surface X upon
which E is defined. Associated with n° are a number of useful tensors. The vector 1¢
is the velocity of observers moving along n? relative to the fluid:

A9 = (02 + u®u,) n®/u n*. 47)
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It is straightforward to show that the norm, A> = 4,4%, has the following bounds,
0, (48)
no matter which spacelike surface is used. The projection tensor y,,, defined by
Vab = Bap + Ugthy — AR, A4, (49)

will also be useful.
The expression for the energy F can be rewritten in terms of an energy density e,

defined by
e=TEn,/u’n,. (50)

In terms of this density, the energy E has the form:
ua
E(X) =L e d’x,. (51)

The energy E will be positive for all possible values of the perturbation functions if
and only if the density e is also a positive functional of the perturbation functions at
each point in the fluid. It would be trivial to determine the conditions under which e
was positive, if one could represent e in the following factored form:

z

1

7[: 0,(6Z,)%. (52)

1

e =

It

In this expression the 6Z, represent certain linearly independent combinations of the
perturbation functions, and the 2, are certain functions of the thermodynamic
variables. The condition that e be positive would then be equivalent to the condition
that each of the £, be positive. It is straightforward (but tedious) to show that the
energy density e does indeed have this factored form when the 2, and 6Z, are
defined as follows:

2,=¢+n" (2). (53)
aeen|i-2 (@) |-[grgeg]n e
2,-¢+p- Ll L (56)

Qszﬁm (57)
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B, af 2a} 1 (6T) }
_B _ (9T 58
Q=7 [ﬁ0+3/32+ n \as ), (58)
- IY 59
2= py 55 (59)
Q5= B, (60)
op 1 /0T
= —_— a e — a 1
52,=tp+ 0 +0) (3) [adu + 5 (G5) 2u08 | (61)
5z, _5s+—(p+ )(aT) <6s> 20045, (62)
ap
0Z,=A""2,6u, (63)
524 =y ou’, (64)
1
6Z, =01+ — A, 0u" — 2 )84, 65)
5 ,30 ,30 q (
K
6Z = A, 09" +——A,ou’, (66)
2,
28, + ‘11'12 b
a_ i 2 et SRR | 7
5Z7 ybéq + zﬁlﬁz*aflz ybéu > (6 )
87 = 519 1 <A”5u”>—%<l”5q”>. (68)
2 2

In these equations the expression K is defined as

K=

1 ao 2‘11 (6T) (69)

+ 2L il
,30 3,32 on /

The linear independence of the 6Z, is easily verified.
The positivity of the energy functional F is therefore equivalent to the positivity of
the eight coefficients £2:

Q,>0. (70)

A number of these coefTicients depend on the choice of spacelike surface L because of
their dependence on the parameter A2. There is enough freedom in the choice of
surface at any given point in the star, so that the parameter 1? can take on any value
between zero and one. Thus the positivity of the £2, must be imposed for all values of
A’ between zero and one to assure the positivity of the energy on every possible
spacelike surface. The analysis given in Section IV reveals that the most restrictive of
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these conditions occurs when A%=1; thus the conditions 2,(4*=1)>0 imply
Q,>0forall A* < 1.

The thermodynamic constraints which arise from the positivity of the 2, are in
many cases quite complex. We will explore a number of the consequences of these
conditions in the remainder of the paper. It is appropriate to comment briefly,
however, on some of their more obvious features here. The square of the adiabatic
sound speed, (&p/dp);, is bounded between zero and one (the speed of light) as a
consequence of the positivity of 2, and £2;. The positivity of 2, is equivalent to the
relativistic Schwarzschild condition for stability against convection [9] in these
equilibrium models. The three conditions £,,2,, and 2, guarantee that the three
new thermodynamic potentials f,,8,,and f, must be positive. This confirms the
expectation that the value of the physical entropy density is smaller than the
equilibrium value sn [1]. These potentials (8,,5,, and (3/2)B,) are also bounded
below by (p + p)~! as a consequence of the positivity of 2. In later sections we will
explore more fully the consequences and implications of the positivity of the 2,.

(c) Thermodynamic Inequalities

The purpose of this section is to explore in some detail the thermodynamics of a
relativistic fluid. We are particularly interested in determining the set of ther-
modynamic derivatives which have definite sign as a consequence of stability. We
also catalogue here the Maxwell relations for these thermodynamic variables.

Two of the conditions for the positivity of the energy functional (which we derived
in the previous section) are the simple thermodynamic inequalities:

(gi—’)p (Z—"s’)e >0. (12)

There are in addition six thermodynamic derivatives which have definite sign as a
consequence of the first law of thermodynamics. These six derivatives are given by:

(a”) —nT>0 73

os), =7 (73)
op p+p

<8n)s T>0’ (74)
os ptp

<_n)p__ n'T <0, (75)
d

(—&) =nT >0, (76)
00 /¢
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0, +
(&) =2E2>0, (77)
[
00 p+p
(57) =—53<o (78)
P

(see Eqgs. (7), (8), and (34)).

There are 64 different partial derivatives which can be formed from the
fundamental set of variables p, n, s, p, T, @. These 64 derivatives are not all
independent, but are related in complex ways by the Maxwell relations and by the
chain rule. Our aim is to use the relations which exist among the partial derivatives to
determine which additional derivatives must have definite sign as a consequence of
Eqgs. (71)-(78). It will be helpful to first establish the set of Maxwell relations for
these variables.

The Maxwell relations are the integrability conditions for the first law of ther-
modynamics. These relations are often useful tools for manipulating and simplifying
thermodynamic expressions. We list these relationships here for future reference:

(5).~ (&) )
(36),-™ (&7, )
(37), (), @
(&)= (%), @
(w),~" (%), @
(é6), = (&), e
&),- (%), @)
(50),~ (&), @
(&), (&), ®)
), = (57), e
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@) -rr (),

(&) - (),

The first six of these equations result directly from the integrability conditions
necessary for the first law. For example, Eq. (79) results from the identity ’p/onds =
9%p/osdn and the expressions in Eqgs. (73) and (74). The remaining six equations are
alternate forms which were obtained by applying the chain rule to the derivatives
contained in the first six expressions.

We are now prepared to determine the additional thermodynamic derivatives which
have definite sign as a consequence of Eqs. (71)-(78). There are a total of eleven
additional partial derivatives with definite sign. These include the specific heats
T(8s/oT), and T(9s/dT),, the compressibilities n~1(on/op), and n~'(on/dp);, as well
as a number of less familiar derivatives. For each of these eleven derivatives, we use
the chain rule and Maxwell relations to express the derivative as a sum of definite
signed quantities:

(o).~ (), o). > @
&).= &) +(@),Z),(5),> ©
(or).= ), (37),>0 @
(] [¢] e

(%), = &), (5), < o
(%), (3),(5), > ©9
(&)= (&), (5. (5) > ©
(%)~ (&),G).>° o
(@),= (%), ()5, < o
().~ @), (&), >o ©
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on on 1 { &s on\?
— == —[—] [—] >0, 100
(ap)r (ap)fnZ(aT),,(as),,/ (100)

(&),~ (). ), > ton

Thus there are a total of eighteen partial derivatives with definite sign out of the
possible set of 64. To conclude that this is the complete set of definite signed
derivatives is a more difficult proposition. The outlines of the following argument
were suggested by Robert Geroch. There are only two independent thermodynamic
variables; the remaining variables can be determined from the two independent ones
by the equation of state and first law of thermodynamics (see Egs. (6)-(8), and (33),
for example). The gradients of the thermodynamic variables are therefore elements of
a two dimensional vector space. Figure 1 shows possible configurations of these
vectors. These diagrams contain within them information about the signs of all the
possible partial derivatives. Consider three thermodynamic variables W, X, Y. Their
gradients are related by the expression:

ow ow

daw=(Z2) dx + (=) dv. 102
(aX)y +(6Y)Xd (102)

dp de dT
dn ” 4e dp
de® dn ds
dT
-ds D ds \
(a) P ()
»”

d
P
dn ds
dp
daT
de
I’/’ \\\ d
{c) -dT {d) ~ g

Fi1G. 1. These vector diagrams represent all possible thermodynamic systems which are consistent
with the stability conditions, the Maxwell relations, and the first law of thermodynamics.
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If we knew for some reason that (9W/dX), > 0, then it would follow that the vectors
dW and dX must lie on the same side of the vector dY. In other words, the vector dY
defines a direction which divides the two dimensional space into two half planes;
when (9W/8X), > 0 then the two vectors d¥ and dX must lie in the same half plane.
The forms of the first law of thermodynamics are simply constraints, then, among
these gradients:

dp=nTds+ 2 :p dn, (103)
dp=nTde + i’%p— dT. (104)

These equations limit, therefore, the possible set of vector diagrams which can
represent real thermodynamic systems. We can add to these constraints the Maxwell
relations (Eqgs. (79)-(90)) and the positive energy conditions (Egs. (71)}-(72)). We
have written down every distinct vector diagram which is consistent with these
conditions. The four resulting diagrams are given in Fig. 1. Any one of these four
diagrams represents a possible thermodynamics, since all the constraints were
imposed on each diagram.

We can read the signs of all the partial derivatives from each of the diagrams in
Fig. 1. For example, (86/én), >0 in diagram (a), since the vectors df and dn are in
the same half plane with respect to the vector ds. It is straightforward then to check
that the only partial derivatives which have the same sign in all four possible
diagrams are the eighteen derivatives already discussed. This establishes that we have
identified all the definite signed partial derivatives in this system.

IV. CAUSALITY

The motivation for extending the standard Eckart theory of relativistic fluid
mechanics was the desire to obtain a theory in which all perturbations propagated
causally. Has the Miiller—Israel procedure succeeded in producing a truly causal
theory? To investigate this question, Stewart [4], and Israel and Stewart [5] have
computed the characteristic velocities for (essentially) the system of perturbation Egs.
(35)—(39). The expressions which they give for these characteristic velocities are
extremely complicated functions of the equilibrium thermodynamic variables and the
coefficients a,, @,,fy,B,,and B,. It is not possible to determine by inspection
whether or not these velocities are less than the speed of light, or even if they are all
real. Israel and Stewart carried their investigations further by limiting consideration
to the dilute gas limit where relativistic kinetic theory could be used to obtain explicit
expressions for the thermodynamic variables as well as the a’s and B’s. In this limit,
they were able to conclude that the characteristic velocities for these equations were
less than the speed of light.
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In this section we investigate the causal properties of the perturbations of a
Miiller—Israel fluid under a far wider range of circumstances than those considered
previously [4]-[S]. We present in Section IV(a) our computation of the characteristic
velocities for the system of perturbation Egs. (35)~(39). We find that perturbations
can propagate with three distinct characteristic velocities in these fluids. In Section
IV(b) we investigate the conditions under which these characteristic velocities are
causal. We find that any fluid which has stable equilibrium configurations (i.e., which
satisfy Eq. (70)) will necessarily have real characteristic velocities which are less than
the speed of light. We also show that the perturbation equations are a symmetric
hyperbolic system. The existence and uniqueness of solutions to the Cauchy problem
for the perturbation equations is consequently guaranteed. Finally, we show in
Section IV(c) that a fluid which has causal characteristic velocities and whose
propagation equations form a hyperbolic system (in a particular sense defined later)
must in fact also satisfy the stability criteria. Thus, causality and hyperbolicity are
essentially equivalent to stability in these fluids.

(a) The Characteristic Velocities and Hyperbolicity

The system of equations for the perturbations of a Miiller—Israel fluid, Egs.
(35)~(39), have the following general form:

ativ Y® + biYP = 0. (105)

In this expression, Y? represents the list of fourteen fields which make up the pertur-
bations to these fluids, i.e., dn, dp, Su®, dt, 6q°, 67°°. The index B runs over these
fourteen fields, while the index 4 runs over the fourteen equations of motion for the
perturbation variables. The matrices a4? and bj are functions of the unperturbed
equilibrium fluid configurations.

A three-dimensional surface is called a characteristic surface for these equations if
the initial values of the fields Y® cannot be freely specified on that surface. The level
surfaces of a function ¢ which satisfies the equation:

det(a?V,4) =0 (106)

is such a characteristic surface (see, e.g., Courant and Hilbert [10], p. 170). Discon-
tinuities in the initial data propagate along these characteristic surfaces. The charac-
teristic velocities are the slopes of these characteristic surfaces.

To solve the characteristic Eq. (106), we make a particular choice of coordinates.
Consider coordinates x°, x', x?, and x> chosen so that at some point r in the fluid
they are orthonormal and comoving. Thus they satisfy the following conditions at r:

870,80, =—(9)* + (0))* + (8,) + (8,7 (107)
u%d, =9, (108)

and

¢ = 9(x°, x"). (109)
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In this coordinate system, Eq. (106) has the simplified form:

0 = det(vajy® —az'), (110)
where v is the characteristic velocity defined by
v =—00$/0,4. (111)

These characteristic velocities play the role of eigenvalues in Eq. (110). The form of

the characteristic matrix simplifies further when one chooses the following set of
fourteen perturbation variables:

Y? = (T80, 6T/T, &1, du', 8q', dt'', 6u, dq’, o,

du®, 6q°, 6731, 8122 — 61%3, o). (112)

With this choice of variables the characteristic matrix block diagonalizes as follows:

Qo000
OROO
0__ a1 113
va’ —a 00RO (113)
00O0S
The matrices Q, R, and S are defined as follows:
(& () 2(Z) o o o |
T\26), T \20/, - 0
v [ dp op
Q= 0 0 Bov  —1 a, O , (114)
—n —p+p) -1 vp+p) v I
0 —1 a, v Biv  a
0 0 0 —1 a, i,Bzv
u 2 J
vp+p) v -1
R=( v piv aq ), (115)
-1 a; 28,0
and
26,v O
S=
( . ﬂzv). (116)
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The determinant of the characteristic matrix is simply the product of the determinants
of these blocks:

det(va® —a') = det Q(det R)* det S. (117)

The expressions for the determinants of these blocks are given by

wwa-Joa e (5) (), (), (3) .

det R=0{2B,[B,(p + p) — 1] v* — [(p + p) ai + 2a, + B, ]}, (119)
det S = 2(8,v)2. (120)

The functions 4, B, and C which appear in Eq. (118) are defined by

A =ﬂ0ﬂ2[ﬂl(p +P)— 1]’ (121)
B=f‘(p +p)D—pB,E—2F, T (122)
C = (DE — F*)/ByB.3 (123)
and D, E, and F are defined by
ag 2a1 1 oT
o=t 5+ 5+ () ) 29
17 1 2
E=fob [0+P) (é) +r+35) (125)
2a1 n (oT
F=p,8, ﬂo 35, “7(3’1—)5} (126)

The roots of the characteristic Eq. (110) are simply the collection of roots obtained
by setting the determinants of each of the matrix blocks individually to zero. The two
characteristic velocities corresponding to the zeros of det S are both zero. The matrix
R has one characteristic velocity which is zero, and two nonvanishing characteristic
velocities given by:

p2o Ptp)ai+2a+h
T 2Bk +p) 1]

These roots are referred to as transverse velocities, since the matrix R involves the
components of the perturbation variables which are tangent to the characteristic
surfaces (and therefore transverse to the direction of propagation of a disturbance).
The matrix Q has two characteristic velocities which are zero, and four nonzero
characteristic velocities which are the roots of the quartic equation,

(127)

Av} + Bv} + C=0. (128)




488 HISCOCK AND LINDBLOM

The roots of this equation are referred to as the longitudinal velocities. We expect one
pair of these velocities to correspond roughly to the propagation of sound in these
fluids, while the other pair of velocities correspond roughly to the propagation of
temperature perturbations (second sound).

The system of equations for the perturbations of a MiillerIsrael fluid (Eq. (105))
is called a symmetric system because the matrices a? are all symmetric matrices (see
Eq. (113)). Such a system is further known as a symmetric hyperbolic system (see
Courant and Hilbert [10], p. 593) if some linear combination of the a“ is (positive)
definite. Symmetric hyperbolic systems have well-posed initial value (Cauchy)
problems. The usual definition of hyperbolic systems imposes conditions (such as
reality) on the characteristic velocities. The usual definition does not allow, however,
the possibility of multiple characteristics having the same velocities. Since this
situation always occurs in the equations for the fluid perturbations, we must use the
definition of hyperbolicity given above.

It is interesting to investigate the conditions under which the equations for the
perturbations (Eq. (105)) are a symmetric hyperbolic system. To do this we must
determine the conditions under which there exists a (positive) definite linear
combination of the matrices a®. Any positive definite matrix has the property that
any square submatrix, whose diagonal coincides with the original diagonal, is also
positive definite. Thus, in particular, the diagonal elements themselves must be
positive definite. Only the matrix a® has nonzero diagonal elements; so these elements
must be positive definite if any positive definite combination of the a“? exists. These
diagonal elements will be positive whenever the following set of inequalities are
satisfied:

(%)T> 0, (129)
(-jﬂT)e >0, (130)
Bo > 0, (131)
B, >0, (132)
B, > 0. (133)

The matrix a° also includes some 2 X 2 diagonal blocks. The positions of these
2 x 2 blocks in a° are such that no other matrix has nonzero elements in those
locations. Thus each of these 2 X 2 matrices must be positive definite if any positive
definite linear combination of the a? is to exist. These matrix blocks will be positive
definite if Eqgs. (129)—(132) are satisfied and if their determinants are positive:

Bip+p)—1>0, (134)

(3_;1)" > 0. (135)

oTr
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The inequalities given in Eqs. (129)-(135) are necessary for the existence of a
positive definite linear combination of the a% as we have argued. These conditions
are also sufficient for the existence of such a linear combination. When Eqgs.
(129)-(135) are satisfied, then the matrix a° is itself positive definite. We conclude,
therefore, that equations (105) for the perturbations of a Miiller—Israel fluid form a
symmetric hyperbolic system if Eqs. (129)—(135) are satisfied. These conditions are
necessary and sufficient for the representation of the perturbation equations outlined
in Egs. (112)-(116) to be symmetric hyperbolic. By choosing other dependent
variables and taking linear combinations of the given equations, it is possible to
produce a symmetric hyperbolic form of the equations under somewhat weaker
conditions (the reality of the characteristic velocities) than Eqs. (129)—(135). In the
following sections we show that the stability of a Miiller—Israel fluid is equivalent to
the requirement that the characteristic velocities be subluminal and the requirement
that the equations be a symmetric hyperbolic system in the somewhat restrictive sense
of Egs. (129)—(135).

(b) Stability Implies Causality and Hyperbolicity

We are now prepared to show that the perturbations of a Miiller—Israel fluid
propagate causally by a hyperbolic system of equations in any fluid which satisfies
the conditions for stability, Eq. (70). We assume that the stability inequalities are
strictly satisfied: £, > 0. We begin by considering the velocity of the transverse
modes defined in Eq. (127). It will be helpful to recall from Eqs. (53)-(60) some
special cases of the stability criteria £2,(1) > O:

2,(0) 2,00)=B,(p +p)—1>0, (136)
- _2bta)+h
2,)=@+p) B f.— >0, (137)
07(1)=ﬂ1—%>05 (138)
2,=0,>0. (139)

Using these expressions, it is straightforward to verify that

, _ £2,(1) 2,(1)

U =0,0)2,0)

>0, (140)

and in addition that:

-3 memw 0t is) o)
vVo=—r- | ———{a, + + > 0. 141
=2, 2020 \“ T ors) Thrp (141)
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These two inequalities, (140) and (141), place the desired upper and lower bounds on
the transverse velocity:

0<vi<l. (142)

Consequently, this velocity is real and less than the speed of light (one in our units).
The situation is more complicated for the longitudinal velocities. The squares of
these velocities x = v} are the roots of the quadratic polynomial,

P(x)=Ax*>+ Bx + C, (143)

where A4, B, and C were defined in Eqs. (121)-(123). The squares of these velocities
will be real, therefore, if and only if the discriminant of this polynomial is non-
negative. The following expression for this discriminant can be verified using
Eqgs. (121)-(126):

B*—44C= {lo+p)D+B,E+28,(p+p)F|’

1
B.(p +p)
+ 8o +p)—1}{(e+p) D—B,E]*} > 0. (144)

Thus, the squares of the longitudinal velocities are real if the stability conditions are
satisfied.

We will determine the locations of the zeros of the quadratic polynomial P(x) by a
geometrical argument. The coefficient of the quadratic term, A, is positive when the
stability conditions are satisfied. Therefore, the parabola P(x) is positive for
sufficiently large x. We will demonstrate that the zeros of P(x) must be larger than
x =0 by showing that P(0) > 0 and that dP(0)/dx < 0. Similarly we will demonstrate
that those zeros are smaller than x=1 by showing that P(1) >0 and that
dP(1)/dx > 0. The following expressions can be verified from the definitions of 4, B,
and C:

o= e+ 2 (2) o+ (0] |
o () )

hr(2) [ () o e S () 0 o
aP0) _

dx B=—,32(p+p)[aO+L]2_%ﬂo(p+p)[al+__l——]z

p+p p+p

e st St pio 40 (Z) | 400 (F2) <0040

" p+p
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P(1)=A + B+ C=f,8,2,(1) 241) >0, (147)
dP(1) BobB 2
—Ex—~2A + B =Bo8,8,92;(1) + -7 B2 (B, K(1) — 24(1)]
ﬂ;fz [B,(0 +p) — 1] 241) > 0. (148)

The function K(A) which appears in these expressions is defined in Eq (69). The
indicated inequalities are straightforward consequences of the stability conditions,
Eq. (70), and the associated thermodynamic inequalities Egs. (91)-(101). Therefore
the longitudinal velocities v, the roots of P(x), must lie in the range:

0<vl<l (149)

We have shown that all of the characteristic velocities are real and less than the
speed of light. The perturbations of a Miiller-Israel fluid propagate causally therefore
in any fluid having stable equilibrium configurations.

The system of equations for the perturbations of a Miiller-Israel fluid is a
symmetric hyperbolic system when the conditions given in Egs. (129)-(135) are
satisfied. These conditions are a straightforward consequence of the stability
conditions, in particular Egs. (57), (93), (97), (101), (136), and (139). Therefore, we
have shown that the perturbations of a Miiller—Israel fluid propagate causally from a
well-posed initial value problem as long as the stability criteria (€2, > 0) are satisfied
for this fluid.

(c) Causality and Hyperbolicity Imply Stability

In this final section we show that if the perturbations for a Miiller—Israel fluid have
characteristic velocities which are less than the speed of light and if the equations
which govern the evolution of these perturbations are a symmetric hyperbolic system
(in the somewhat restrictive sense of the conditions outlined in Egs. (129)-(135)),
then the fluid must also satisfy the stability conditions (Eq. (70)).

In Section IV(b) we showed that the characteristic velocities will be less than the
speed of light as long as the following inequalities are satisfied:

L (D)2
L= 0,020 (139)
P(1) = oo 2,(1) 24(1) > O, (151)
and
dP(1) 8.5, P
D) o 2,(1) + G2 ALK (1) — 24(0)
+Bobr 150+ p)— 11 241) > 0. (152)

T
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We also require that the perturbation equations be a hyperbolic system (in the
somewhat restrictive sense discussed above) by requiring that Eqgs. (129)-(135) be
satisfied. From this set of conditions (Egs. (129)-(135) and (150)-(152)), we now
show that the stability criteria 2, > 0 follow.

Let us begin with the stability criteria (2, and £2,) which involve the ther-
modynamic derivatives. We wish to show that these expressions are positive
whenever the conditions for hyperbolicity are imposed: i.e., that (9n/0@), (9p/0T)e,
and (9p/0T), are positive from Egs. (129)—(135). The following identities verify the
desired results:

wmuon (3] - £ () -5 2(5) >0 0o
e (2),(2) 255 5,5,

(&), @), ()] (5%

The positivity of the stability conditions £, and £, are immediate consequences of
the hyperbolicity of the perturbation equations [see Eqs. (131)-(133)]:

2, =f,>0, g (155)
Qy=p,>0. (156)

We turn next to the conditions which follow from the requirement that the
longitudinal velocities v, are causal: Egs. (151) and (152). Given that §, and B, are
positive, Eq. (151) implies that £2,(1) and £4(1) are both nonzero and both have the
same sign. This fact, the conditions on §, from Egs. (132)-(134), and Eq. (152)
imply that both £2,(1) and £24(1) must be positive. These conditions are sufficient to
guarantee the positivity of £2¢(1) for all relevant values of A since

Q43) > 2,(1) >0 (157)

for A? < 1. The positivity of £, is also assured whenever £ is positive, and when
Egs. (153)-(156) are satisfied:

al ol 1 o1
2 >0.,(1)=02 + 2 Ly <__>
() 2(1) s(1) B, T6p, T n1? \as ), >0, (158)

for A2 < 1.

The positivity of the final stability condition £, is a consequence of the causality
of the transverse velocity v;. The identity,

94(0)=ﬂi Buo+p)— 11> 0, (159)
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verifies that £,(0) must be positive when g, satisfies the conditions for hyperbolicity,
Egs. (132)-(134). The positivity of £2,(1) is then guaranteed by Eq. (158) and the
causality condition Eq. (150).

The stability conditions £2,(A) and £2,(1) depend on A in complicated ways. To
determine the point on the interval A> < 1 where these expressions are minimized, we
compute the derivatives:

‘}{%=’% [ﬂl—ﬂl,lzaz ]2—1 [8‘+;_j]2
gt g @B @ a7+ (D)
@t E) e o

In these expressions ¢, and ¢, are defined by:

1 a 2a n (oT
_K()—L % _'__(_)
81 ( ) 112 ﬂo + 3ﬂ2 T an s’ (162)
B, a)  2al 1 <6T)
== -2 =—+——+—|— X
& 12 6 B, + 35, + nT? \os ">0 (163)

Therefore the minima of £, and £2, occur at 4? = 1. Consequently, since £2, and 2,
are positive for A = 1, they must also be positive for all 1% < 1:

2;(2) > 02,(1) > 0, (164)
2,(1) > 2,(1) > 0. (165)

We have shown, therefore, that all of the stability criteria 2,(4) > 0 are a conse-
quence of the causality conditions and the condition that the perturbation equations
are a hyperbolic system.

APPENDIX

The purpose of this appendix is to establish relationships between the stability of a
Miiller—Israel fluid and the positivity of the energy functional developed in
Section III. We prove two results which establish these relationships. The first
demonstrates that the positivity of the energy functional is a sufficient condition for
stability.
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PROPOSITION A. The perturbations of a Miiller—Israel fluid will not grow without
bound (as measured by a square integral norm) if the conditions Jor the positivity of
the energy, 2, > 0, are satisfied.

The second result falls somewhat short of demonstrating that the energy positivity
conditions are necessary conditions for stability as well:

PROPOSITION B. If the thermodynamic inequalities

0< (Z—ﬁ)s <1, (Al)
and
),2),9

are satisfied, and if (at least) one of the conditions for the positivity of the energy is
violated, then there exist perturbations which grow without bound.

We believe that the energy positivity conditions are in fact strictly necessary for
stability. A somewhat nonrigorous proof of the general proposition can be given
which is completely analogous to the proof given by Lindblom [11] for Newtonian
dissipative fluids. We prefer to present here a more rigorous proof of the less general
Proposition B. This result does demonstrate that the less familiar of the conditions
Q, > 0 are in fact necessary for stability when the familiar conditions (A1) and (A2)
are satisfied.

Proof of Proposition A. Consider the linear transformation which relates the
perturbation variables (dn, dp, du®, 8q°, dt, 6t°°) to the variables 6Z, (see Egs.
(61)~(68)). This transformation is one to one and onto. This follows from the fact
that when all of the Z, are zero, then all of the perturbation variables (dn, dp, du®,
8q°, &t, 61°°) must also be zero. The positivity of the energy conditions @, > 0, and
the fact that the energy is a monotonically decreasing function of time, guarantee that
the energy is bounded below by zero and above by the initial value of the energy.
This guarantees the boundedness of the 6Z, (in terms of a square integral norm).
Since the transformation between the 6Z, and the perturbation variables (dn, dp, ou?,
8q°, 81, 61°%) is one to one and onto, the boundedness of the 6Z, implies that the
perturbation variables must also be bounded.

Proof of Proposition B. It is more convenient to demonstrate the contrapositive
form of this proposition. Assume that the thermodynamic inequalities (A1) and (A2)
are satisfied and that there are no solutions to the perturbation equations which grow
without bound. We will show that this implies that the energy positivity conditions
2, > 0 are necessarily satisfied. When the solutions to the perturbation equations are
all bounded, then the evolution of the energy functional must also be bounded. The
time derivative of the energy functional must evolve to zero in this case. The integral
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of the divergence of the energy current (see Eq. (46)) evolves to zero in this case also.
This implies that the square integral norms of dt, 6g°, and o1%® evolve to zero also.
When we evaluate the form of the energy in this limit, we find that

brprwdcat 610 (%) (%), 0

5=,

rotn (Z) [p+0+n (g—;’)smar

s

+(+p) [1 - (z—;’)sﬂ]rZ(aum)zt “—;dzc. (A3)

This form of the energy is non-negative when the thermodynamic inequalities in (A1)
and (A2) are satisfied. Therefore, when the solutions to the perturbation equations are
bounded (that is, when the fluid is stable) the energy decreases toward a non-negative
value. It follows that the energy of every possible initial perturbation must also be
nonnegative. Thus the energy functional is positive definite, and all of the conditions
2, > 0 must be satisfied.
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Note added in proof. Since this paper was written, we have become aware of a paper by Israel and
Stewart (Ann. Phys. 118 (1979), 341) which derives causal dissipative hydrodynamical equations
including the possibility of nonuniform, gravitating, and rotating equilibrium states. The theory
considered by them is somewhat more general than the one which we present in Eqgs. (21)-(23) of this
paper. They point out that a number of different terms can be added to the equations of motion without
changing the crucial entropy generation equation. One can add to Eq. (21) terms of the form

~[Vapt™ + Wagq“l,
to Eq. (22) the terms
KTq“b[tW{’ _Xbcd.[cd _ Y"”’qE],
and to Eq. (23) the terms
2n(zV + X°obg, — Z1*l ),

In these expressions the tensors 9%, W@, x°®0 ylebl and Z'#1 are arbitrary functions of the
dynamical variables (n, p, u°, ¢°, 1, 7°°).

The results of the present paper do not depend in any way upon the addition of terms of this form.
The characteristic velocities for perturbations about equilibrium are the same for the general theory
including the extra terms as those given by us in Eqgs. (127) and (128) for the theory without them. This
comes about because the linearized contributions from these additional terms depend on d¢?, Jr, and
1% but not on their derivatives. Consequently they make no contributions to the matrix a',? in
Eq. (105) or to the characteristic Eq. (106). The stability criteria given by us in Eq. (70) are also the
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correct ones for the theory containing these extra terms. This follows because the time derivative of the
energy functional E(Z) given in Eqs. (44)-(46) is unchanged by the addition of these extra terms in the
equations of motion for the fluid variables. Thus, the characteristic velocities and the stability criteria
are both unchanged by the addition of these extra terms to the equations.

If one wished to study in detail the evolution of some particular fluid motion, these extra terms in the
equations of motion would of course influence the behavior of the fluid. It is then necessary to determine
more precisely the forms of the tensors Va®  etc. We suggest that the following two principles be
applied to constrain the possible choices: (a) to preserve the linearity of the equations of motion in the
deviations from equilibrium (g° 1, 7°%), the tensors should be chosen to depend only on n, p, and u“;
(b) to prevent the equations of motion from developing the noncausal behavior found in the Eckart
theory, the tensors should contain at most first derivatives of n, p, and u° and these should appear
linearly to ensure the hyperbolicity of the full equations. These two principles severely restrict the
possible choices of the tensors V“??, etc. We find only the following possibilities:

Vab — 81<V"ub>,
WA = £,q°V, 0 + £,|u’V,u® + T7'VT] + 6,7°u, V, u,
X — £, g7OVO0 + £, [ulV,uqP" + T~ g*¢VOT)
+ 62qa<b”‘:)defudve uf9
Yab — yzqﬂcqbdv[cud]’
Z% =y,q°q" ViU

The coefficients y;, 8;, and ¢, are arbitrary functions of n and p. The terms multiplying the coefficients ¢,
vanish in equilibrium, and thus should not be included in a first order theory. The terms multiplying the
coefficients &; contain the totally antisymmetric tensor 74, These terms will consequently have odd
parity, and probably do not contribute to a macroscopic theory. Israel and Stewart (1979) evaluate these
coefficients using kinetic theory for an ideal gas. They find the ¢’s and the J’s to be zero while the y’s are
nonzero.
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